We compute the black hole entropy and the entanglement entropy of Hawking radiations due to photons during the evaporation of a 4d asymptotically flat Kerr black hole. The Page curve for the Kerr black hole is obtained, which qualitatively mimics the one for the Schwarzschild black hole but has some new features.
Introduction
Since the milestone works by Bekenstein [1] and Hawking [2] , there has been a lot of progress in understanding the various aspects of the black hole entropy. For instance, the classical Bekenstein-Hawking entropy can be obtained from the microstates in the D1-D5 brane configurations [3] . More recently, the asymptotically AdS black hole entropy can also be computed using the boundary CFT in various dimensions [4, 5, 6, 7, 8, 9, 10, 11, 12, 13] .
In order to resolve the long-standing black hole information paradox, different proposals have been made in the literature, including [14, 15, 16, 17, 18, 19, 20, 21, 22] and more recently [23, 24, 25] .
To test these proposals, a crucial tool is the Page curve, which is the time evolution curve of the black hole entropy and the Hawking radiation entanglement entropy during the evaporation process.
For instance, in [25] the approach of obtaining the Page curve from the quantum extremal surface is sketched.
Historically, the Page curve was found by Don Page in the study of the von Neumann entropy or the entanglement entropy of the Hawking radiation during the black hole evaporation [26, 27] . If the black hole is initially in a pure state, and the evaporation process is unitary, the von Neumann entropy of the Hawking radiation should initially increase and eventually decrease to zero when the black hole disappears. Using the technique of computing the emission rate for massless particles [28, 29] , the Page curve for the Schwarzschild black hole has been obtained in [26, 27] .
When we try to generalize the previous computations for the Schwarzschild black hole to the Kerr black hole, the principles remain the same. However, the additional angular momentum complicates the problem, because it is also time-dependent. Nevertheless, using the technique of [28, 29, 30] we can solve two coupled ordinary differential equations for the mass M (t) and the angular momentum J(t) numerically. We found some interesting features. First, the Page curve for the Kerr black hole mimics the one for the Schwarzschild black hole, in the sense that the Page curves for both cases initially increases and eventually decreases to zero. Second, for the Kerr black hole the angular momentum always decreases to zero first compared to the mass, hence, we can treat the problem as the usual Schwarzschild black hole after the angular momentum vanishes. However, this happens very close to the end of the black hole evaporation. Third, we can compute the Page curves for different initial values of the angular momentum, and the bigger the initial angular momentum J is, the faster the evaporation takes place. Hence, in general the Kerr black hole evaporates faster than the Schwarzschild black hole with the same mass. This paper is organized as follows. In Sec. 2 we briefly review the notion of the Page curve and its historical developments. In Sec. 3 we illustrate the principle of calculating the Page curve and collect some analytic results that are relevant for the Kerr black hole. Sec. 4 is the main result of this paper, in which we present the numerical results of the Parge curves with various choices of parameters. A brief summary and possible future directions are presented in Sec. 5.
1
For a Schwarzschild black hole with the mass M , the horizon area in the unit G N = 1 is
while the Hawking temperature is
.
(
Applying the Stefan-Boltzmann law, we obtain the power of the Hawking radiation through the horizon:
where Γ and γ denote the greybody factor and the total number of massless degrees of freedom respectively. Hence, the time evolution of the black hole mass is
which leads to the solution
with t L ≡ 5120 πM 3 0 /Γγ. Based on (5), the time evolution of the black hole entropy is
During the Hawking radiation process, the coarse-grained entropy of the black hole decreases, while the coarse-grained entropy of the Hawking radiation increases. However, the increase of the coarsegrained entropy of the Hawking radiation is greater than the coarse-grained entropy of the black hole, which is characterized by the parameter
Consequently, the Hawking radiation entropy is
The values of S BH and S rad become the same at t * given by
As shown in [26, 27] , the von Neumann entropy or the entanglement entropy of the Hawking radiation, S vN (t), is very close to S rad (t) for t < t * and very close to S BH for t > t * . Therefore, we can express S vN (t) using the Heaviside step function as follows:
which is the Page curve for Schwarzschild black hole (see Fig. 1 ). When an ambient reference system X is taken into account, the Page curve of the von Neumann entropy can be distinguished from the one of the black hole entropy. As discussed in [27] , we assume that the black hole Y is initially maximally entangled with the reference system X, and the Hawking radiation is Z (see Fig. 2 ). Y Z X Figure 2 : The black hole Y with the reference system X and the Hawking radiation Z Suppose that the reference system has the entropy S(X) = f S BH (0) with a constant 0 ≤ f ≤ 1.
The entropy of the black hole and the one of the Hawking radiation are
Defining τ ≡ 1 − (1 − t/t L ) 2/3 , these entropies can be expressed as
The time evolution of the Schwarzschild black hole can be divided into 3 stages:
The time scales τ 12 and τ 23 are defined as
With these refined notions of entropies, the time t * splits into t 12 and t 23 . In Fig. 3 , the von Neumann entropy for the black hole is denoted by the dashed line, while the von Neumann entropy for the Hawking radiation is denoted by the solid line. The Kerr black hole was first constructed by Kerr in [31] . It is an asymptotically flat 4d black hole with a given angular momentum J. In the Boyer-Lindquist coordinates (t, r, θ, φ), the Kerr black hole metric can be written as
where
The metric (14) describes a 4d non-extremal black hole with the angular momentum J. The outer and the inner horizons are
and the corresponding Hawking temperature is
The black hole entropy can be computed using the Bekenstein-Hawking formula:
The Kerr black hole has played a very important role in theoretical physics. In particular, after the discovery of the AdS/CFT correspondence [32, 33] , it was found that the near-horizon region of the extreme Kerr black hole includes a warped AdS 3 , and consequently the Kerr/CFT correspondence can be established [34] . For non-extremal Kerr black hole, a hidden conformal symmetry was found in [35] , which recently was used to compute the non-extremal Kerr black hole entropy via the Cardy formula [36] .
Since the Kerr black hole is characterized by two parameters, the mass M and the angular momentum J, in order to obtain the Page curve for the Kerr black hole, we should study the time evolution of both parameters. Using the following notations:
we can compute the time derivatives of M (t) and J(t) [28, 29] :
where ω denotes the frequency of the j-th emission particle, while l, m, p are spherical harmonic quantum number, angular momentum quantum number and the polarization of the j-th emission particle respectively. The factor Γ jωlmp can be viewed as a generalized greybody factor, which for the spin-s particle has the following explicit expression:
, for 2s even ,
, for 2s odd .
The dominant contribution comes from the l = s modes. In this paper, we only consider the photon emission for simplicity, and we use the leading contribution Γ 1ω1mp = 4A 9π M 2 + (m 2 − 1)a 2 (ω − mΩ)ω 3 for s = 1 (22) to approximate the factor Γ jωlmp .
Numerical Results for the Kerr Black Hole Evaporation
By plugging (22) into (20), the integral over ω can be evaluated exactly using some polylogarithm functions. After summing over the indices, the right-hand side of (20) are functions of M (t) and J(t). Hence, (20) becomes a coupled system of ordinary differential equations, which can be solved numerically. We present some numerical results in this section.
Once we have solved the system of ordinary differential equations (20) , the time evolution of the black hole entropy, S BH (t), can be obtained using (18) , while the entropy of the Hawking radiation can be computed by
where β is again defined by (7) .
Let us first look at an example with the initial conditions M (0) = 1 and J(0) = 1/2. The von Neumann entropy is shown in Fig. 4 . Compared to the Schwarzschild black hole, the Kerr black hole evaporation has one important feature that we would like to emphasize. In general, both the mass M (t) and the angular momentum J(t) decrease in time, but J(t) first decreases to zero. Let us call this time t 0 . At t 0 , the Kerr black hole effectively reduces to a Schwarzschild black hole, hence, the time evolution after t 0 will become the same as the Schwarzschild black hole. However, in practice t 0 is very close towards the end of the black hole evaporation. I changed several different initial conditions of J(0), and this feature holds for all the cases. Another feature should be noticed by comparing Fig. 4 through Fig. 6 is that, the larger J(0) is, the faster the black hole evaporation takes place. Similar to the Schwarzschild black hole case discussed in Sec. 2, we can refine the Page curve of the Kerr black hole by considering the black hole initially maximally entangled with a reference system. Then the time t * splits into t 12 and t 23 , and the black hole evaporation can be divided into 3 stages, as described in Sec. 2. We show the numerical results explicitly for the Kerr black hole with M (0) = 1 and J(0) = 1/2 starting from f = 0.1 through f = 1 in Fig. 7 through Fig. 16 . From these refined Page curves, we see features similar to the Schwarzschild case [27] . 
Discussion
In this paper we have computed the Page curve, i.e. the time evolution of the entanglement entropy of the Hawking radiation, due to photons for the 4d Kerr black hole. We have seen that the Page curve mimics the one for the Schwarzschild black hole, but has some new features. For instance, the angular momentum always decreases to zero first, and after that we can treat the problem as the Since we have only considered the photon emission in this paper, the natural extention is to incoporate the contributions from other (nearly) massless particles, such as gravitions and neutrinos.
The next step is to consider the Kerr-Newman black hole evaporation with nonzero initial electric charge. This case will undoubtedly have some new features that have not been exposed before, because we have to take into account the emission of charged particles (e.g. electrons), in order that the electric charge of the black hole decreases. For this case, one probably needs to combine the approaches for the Kerr black hole [29] and for the Reissner-Nordström black hole [37] and develop some new techniques. I would like to explore these generalizations in the near future.
This work and the previous results [26, 27] provide precise numerical results for the Page curve, hence, they also make a playground for the various proposals for the black hole information paradox [14, 15, 16, 17, 18, 19, 20, 21, 22 ]. The right model must reproduce the corresponding Page curve quantitatively, which can be used as a guiding principle to test these proposals and help eventually resolve the problem.
